ABSTRACT. The paper deals with the application FEM for solving nonlinear constitutive problems in solid mechanics. The basis equations and algorithms of iterative processing are presented. Some programs written by languages Gibian and special operators in Castem 2000 are established. The problem for the spherical shell made of elasto-plastic "material subjected to monotone increasing pressures is solved and calculated results are compared with the theoretical solution and give a good agreement. The influence of the pressure values on the plastic regions of sphere is investigated. The stress , displacement and plastic deformation states for spherical shell and plate with hollow acted on by complex cyclic loads are considered. These given programs can be applied in other problem with more complex geometry, load and material conditions.
The finite-element formulation
The governing equation of the finite-element method for small-deformation analysis is where {T} and {q} are surface and body forces, {R} is the equivalent external force acting on the nodal point, [BJ is the strain-displacement matrix and [NJ is the matrix of the displacement interpolation function .
In an elastic-plastic problem, the constitutive relation depends on deformation history, an incremental analysis should be used and the total load { R} acting on a structure is added in increments step by step. To solve (1.2) for displacements {U} corresponding to a given set of external forces the iterative methods are usually employed.
Equilibrium iterative methods
The load at the (m + 1)-th step can be expressed as m+l{R} = m{R} + m+ l{~R} then equation (1.2) becomes the equilibrium of the internal force m+ 1 {F} with the external force m+ 1 {R}:
The equation (1. 3) can be rewritten as: (1.4) This equation can be solved on the basis of the N ewton-Raphson and Quasi-Newton methods. Assuming the solution at the (i -1)-th approximation m+l{U}i-l is known, expanding 'ljJ(m+l{U}) into Taylor series at m+ 1 {U}i-l and neglecting all high-oder terms, we received [1] :
where
is the tangent stiffne~s matrix.
Assuming the solution at the (i -1)-th approximation m+l{U}i-l is known, the dis-. placement at i-th iteration will be: where {.6.U} (i) is defined from equation (1.5):
The force quantity { 'ljJ }i caculated at the i-iteration can be interpreted as an unbalanced residual force. The iteration continues until convergence criterion for example ll'ljli II :S c is satisfied.
Note that m+l{K}(i-l) is evaluated and factorized at each iteration step and therefore one ussually uses the Quasi-Newton method, it employs a lower-rank matrix and the initial stiffness matrix of the structure can be used for all incremental steps [1] :
and At the present time, it is a best algorithm available.
Numerical implementation of the elastic-plastic incremental constitutive relation
The strain-stress relations for an elastic-perfectly plastic material are expressed as represents the elastic-plastic tensor of tangent modules for an elastic-perfectly plastic material. Cijkl is the tensor of elastic modulus. Thus in finite-element application, the constitutive relation of a material is reflected by this material stiffness matrix C:Jkl> which is used in forming the tangent stiffness (1.5a) and in the . relation between stress and strain increments (1.9).
Some flow rules
Some flow rules are used in this work:
a. Flow Rule associated with Von Mis es yield function
To take the Von Mises yield function:
(1.10) as the plastic potential, then the flow rule has the form:
where h = SijSij/2, Sij is the deviatoric stress tensor 
b. Flow Rule associated with Tresca yield function
The yield function or plastic potential function has the form:
where k = IJ'o / 2. According to the associated flow rule, the pricipal plastic strain increments satisfy the following ·relation:
These flow rules are used in numerical examples in this work.
The algorithm of resolution for mechanical elasto-plasticity problems
• Initial displacement and load increments are given:
• For each iteration step i, the displacement, strain increments and the stress state are calculated:
. ,
For a given strain increment b.e(i) , before calculating the corresponding stress increment b.IJ'~i) one must check first whether the material is in a plastic loading state corresponding to the given strain increment b.e(i) or not.
• If f is a constitutive rule (for example (1.10) or (1.11)) and f( {o-i}) < 0 (u1 is stress state reached on the previous load step) the process is elastic and b.u~i) = C i jkzb.e(i). If f ( { CJ1}) 2:: 0 the corresponding elastoplastic stress increment is computed by expression
• The stress corresponding to U(i) is calculated as: CJ~i) = CJI + .6.CJ~i) .
• Calculate the equivalent force of stress acting on the nodal points F 2 and unbalanced force residual 7/J :
The algorithm in eastern 2000 is based on the mentioned above methods [2] . As illustrations for this algorithm, some programs are written by languages Gibian, using special operators in . eastern 2000 to solve elasto-plastic problems for the sphere and the plate with hollow subjected to different loads. The calculating results are presented in the next part .
2 Numerical analysis for elasto-plastic sphere and plate with hollow subjected to different loads
The spherical shell with increasing pressure
Consider the problem of finding radial displacement field of t hick-walled spherical shell. The internal and external radii of the sphere are 0.01m and.0.02 m respectively. The sphere is made of Tresca elastoplastic material with following characteristics E = 2 · 10 5 MPa, v = 0.3 and limit elastic is Y = 300 MPa. The pression is distributed uniformly over the inner surface. This pression p is a function of time and varies from 100 MPa at t he moment t = 0 s to 358.9 MPa at t = 1000 s. This varying of pression conducts the perfectly elasto-plastic behaviour at R = 0.01 5 m .
a. Th e analytical solution
As the pressure is increased from zero the shell is first stressed elastically. The elastic Lame solution for radial displacement is [4] :
where a 0 and bo are the initial values of t he radii. With increasing pressure a plastic region spreads into t he shell. The plastic boundary is spherical surface of radius c. The displacement then is:
The radius c can be defined from equation ( c· ) 2Y( c 3 )
b. The numerical results in comparing with analytical solutions
The numerical model for 1/4 above mentioned sphere uses 224 quadratic elements and 255 nodes (Fig. 1) . The symmetry condit ions of the sphere lead to displacements at t he boundary radii Li : U Z = 0, L2 : UR = 0. The calculation has been realized with program written by languages Gibian, using operators of Castem 2000 . The given values of radial displacement UR of the sphere at point A(l · 10-2 , 0) are compared with analytical solut ion (2.1) at the moment t = 0 s and the solution (2.2) at t he moment t = 1000 s in the following table . Where micron= 10-6 m and the error is enough small , it shows a good agreement of calculated results with theoretical ones.
The maximum Tresca stress is 303 MPa at the internal boundary of the sphere and the plastic region is showed in the Fig. 1 . The deformation of the shell at the moment of maximum load is presented in the Fig. 2 . The Table 2 shows that when p 2: 180 MPa in the shell the plastic region appears and whole shell is in plastic state when p ~ 420 MPa.
Response of a spherical she ll subject ed t o a cyclic load ing
Consider t he sphere with the same characteristics but the pressure changes as a cyclic funct ion: the pressure increases monotonically from lOOMPa (t = Os) to 358.9MPa at the moment t = 1000 s and after that decreases to 100 MP a ( t = 2000 s) and this process repeats until t = 4000 s. The time interval [O, 4000] is discretized in subinterval t i = 250 s (Fig. 3 ) , we can receive responses of the sphere at each interval ( i-step) . The Table 3 shows some corresponding results: Note that the given stress and displacement results are changed as cyclic loading. In the Fig. 4 the maximum plastic deformation reaches at the boundary region, where 12 mm ;::: R ;::: 10 mm and it is constant at all steps i ;::: 2.
Response of a plate with hollow subjected to a sinusoidal loading
Consider a quarter of rectangular plate. Its width and length are: a = 30 mm, b = 100 mm (Fig. 5) , the radius of circular hollow is r = 10 mm. The plate is subjected to a cyclic sinusoidal loading ( The numerical results let us to know the stress , displacement and deformation states (Fig. 5) . The diagram of various deformations and stresses, depending on the time are represented in the Fig. 7 and Fig. 8 , the plasticity region in the Fig. 9 and the relation of deformation and stresses in the The Fig. 10 shows that after a certain number of cycles , the response of the structure becomes periodic. This implies that c:P tend toward periodical fields and the structure reacheases plastic shakedown [5] .
Conclusion
In this work some elasto-plastic constitutive problems for sphere and plate under monotone increasing pressures and cyclic loading are solved. In the simple case, the solution is verified with theoret ical solution and given errors are enough small. The calculated program results show that the algorithm and corresponding program written by languages Gibian and the special operators in Castem 2000 can give the displacement , stress and plastic deformation states of the structures in the more complex cases.
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